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Abstract We show that the dynamics for a particle confined in one-dimensional infinite
square well with a mobile boundary can be converted to the case as if the boundary is time-
independent at the expense of an appropriate time-dependent Hamiltonian. The Hamiltonian
is deduced by the technique of integration within an ordered product of operators.
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1 Introduction

Almost in every quantum mechanics textbook the quantization of a moving particle’s energy
in a one-dimensional infinite square well is discussed [1, 2]. In this work we consider a
particle with mass m confined in the interval x = 0 to x = W(t) of an infinite square well,
i.e., one wall of the well is fixed and the other is mibile with time t . The corresponding
Shrödinger equation is

i
∂

∂t
|ψ〉 = − 1

2m

∂2

∂x2
|ψ〉 = P 2

2m
|ψ〉, (1)

where we let � = 1, and the wave functions vanish at the walls, so they satisfy the boundary
condition

ψ(0, t) = ψ[x = W(t), t] = 0. (2)

From the normalization condition

∫ W(t)

0
ψ∗(x, t)ψ(x, t)dx = 1, (3)
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and its invariance with time we also have

∂

∂t

∫ W(t)

0
ψ∗(x, t)ψ(x, t)dx = 0. (4)

This is guaranteed since the left hand side of (4) is equal to

∫ W(t)

0

∂

∂t
|ψ(x, t)|2dx + ∂W(t)

∂t
|ψ(W(t), t)|2 = 0. (5)

In this work we shall show that dynamics for a particle confined in one-dimensional infinite
square well with a mobile boundary can be converted to the case as if the boundary is
time-independent at the expense of an appropriate time-dependent Hamiltonian. We shall
derive this Hamiltonian by virtue of the technique of integration within an ordered product
of operators [3, 4].

2 The Dilation Transformation for the Mobile Wall

When we set

x̄(t) = x
W(0)

W(t)
≡ xμ(t), (6)

(3) can be rewritten as
∫ W(0)

0

∣∣∣∣ψ
(

x̄(t)

μ(t)
, t

)∣∣∣∣
2

d
x̄(t)

μ(t)
= 1, (7)

and the corresponding momentum operator becomes

P̄ (t) = P
W(t)

W(0)
≡ P/μ(t) (8)

to make up [x̄(t), P̄ (t)] = i. Comparing (7) with (3) we see that the mobile boundary value
x = W(t) becomes fixed value, x̄ = W(0), but the wave function ψ(x, t) becomes

ψ(x̄(t), t) = ψ(xμ(t), t) = 〈xμ(t)|ψ, t〉. (9)

Supposing that the unitary transformation is

UXU † = X

μ(t)
, UPU † = Pμ(t), (10)

we apply the U † transformation to the both sides of (1) and let U †|ψ〉 = |φ〉, such that

〈x|φ〉 = √
μ(t)〈μ(t)x|ψ〉 = 〈x|U †|ψ〉, (11)

so

iU † ∂

∂t
|ψ〉 = U † P 2

2m
|ψ〉 = P 2

2mμ2(t)
U †|ψ〉

= i

[
∂(U †|ψ〉)

∂t
− ∂U †

∂t
|ψ〉

]
= i

∂

∂t
|φ〉 − i

∂U †

∂t
U |φ〉, (12)
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and

i
∂

∂t
|φ〉 =

[
P 2

2mμ2(t)
+ i

∂U †

∂t
U

]
|φ〉. (13)

Comparing with the Shrödinger equation i ∂
∂t

|φ〉 = H(t)|φ〉 for obtaining the time-dependent
Hamiltonian

H(t) = P 2

2mμ2(t)
+ i

∂U †

∂t
U, (14)

so we must know ∂U†

∂t
.

3 The Derivation of ∂U†

∂t
and H(t)

Equations (10), (12) are named dilation transformation, the corresponding squeezing opera-
tor is [1]

U = C

∫ ∞

−∞
dx|x̄(t)〉〈x|, (15)

where C is anticipated for U ’s unitarity. Since UU † = 1, we have

UU † = |C|2
∫ ∞

−∞
dx|x̄(t)〉〈x|

∫ ∞

−∞
dx ′|x ′〉〈x̄ ′(t)|

= |C|2
∫ ∞

−∞
dx|x̄(t)〉〈x̄(t)|

= |C|2
∫ ∞

−∞
|x̄(t)〉〈x̄(t)| dx̄

μ(t)
= |C|2

μ(t)
= 1, (16)

so the squeezing operator is

U = √
μ(t)

∫ ∞

−∞
dx|xμ(t)〉〈x|. (17)

Remember that in the Fock space the coordinate eigenvector is

|x〉 = π−1/4 exp

{
−x2

2
+ √

2xa† + a†2

2

}
|0〉, X|x〉 = x|x〉, (18)

where |0〉 is the vacuum state, X = (a† + a)/
√

2, and the normally ordered form of |0〉〈0|
is : exp{−a†a} :, so

|xμ(t)〉〈x| =
√

1

π
: eV : , (19)

where

: eV := : exp

[
−x2

2
(1 + μ2) + √

2x(μa† + a) − 1

2
(a + a†)2

]
: . (20)
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Thus U ’s time differentiation is

∂U

∂t
= μ̇

2μ
U +

√
μ

π

∂

∂t

∫ ∞

−∞
dx: eV : , (21)

where

∂

∂t
: eV := : (−x2μμ̇ + √

2xμ̇a†)eV : . (22)

On the other hand, from

:
∂

∂a
f (a, a†):= [:f (a, a†): , a†], (23)

we obtain

:
∂

∂a
eV := :

(√
2x − a − a†

)
eV : , (24)

and

:
∂2

∂a2
eV := :

[(√
2x − a − a†

)2 − 1
]
eV : . (25)

Using (23)–(25) we can re-express (22) as

∂

∂t
: eV : = :−μμ̇

2

[
∂2

∂a2
+ 2(a + a†)

∂

∂a
+ (a + a†)2 + 1

]
eV :

+ : μ̇a†

(
∂

∂a
+ a + a†

)
eV :

= − μμ̇

2

{[[: eV : , a†], a†
] + 2a†[: eV : , a†] + 2[: eV : , a†]a+:

[
(a + a†)2 + 1

]
eV :

}

+ μ̇a†
{[: eV : , a†] + a†: eV :+: eV :a

}
. (26)

Using [[: eV : , a†], a†
] = : eV :a†2 − 2a†: eV :a† + a†2: eV : , (27)

and

:
[
(a + a†)2 + 1

]
eV := a†2: eV :+: eV :a2 + 2a†: eV :a+: eV : , (28)

we obtain

∂

∂t
: eV : = −μμ̇

2
: eV : (a + a†)2 + μ̇a†: eV : (a + a†)

= −μμ̇: eV :X2 + √
2μ̇a†: eV :X. (29)

Substituting (26) into (21) we see

∂U

∂t
= μ̇

2μ
U − μμ̇UX2 + √

2μ̇a†UX

=
(

μ̇

2μ
− μ̇

μ
X2 + √

2
μ̇

μ
a†X

)
U
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= μ̇

2μ
(a†2 − a2)U. (30)

Thus (14) becomes (noticing P = (a − a†)/(i
√

2))

H(t) = P 2

2mμ2(t)
+ i

μ̇

2μ
U †(a2 − a†2)U = P 2

2mμ2(t)
+ i

μ̇

2μ
(XP + PX), (31)

with the normalization ∫ W(0)

0
|φ(x̄)|2dx̄ = 1. (32)

In summary, we have used the IWOP technique to study the squeezing dynamics for one-
dimensional infinite square well with a mobile wall.

References

1. Schiff, L.: Quantum Mechanics. McGraw-Hill, New York (1967)
2. Merzbacher, E.: Quantum Mechanics. Wiley, New York (1970)
3. Fan, H.: J. Opt. B Quantum Semi Class. Opt. 5, R147 (2003)
4. Fan, H., Lu, H., Fan, Y.: Ann. Phys. 321, 480 (2006)


	Squeezing Dynamics for One-Dimensional Infinite Square Well with a Mobile Wall
	Abstract
	Introduction
	The Dilation Transformation for the Mobile Wall
	The Derivation of U†t and H( t) 
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


